This note provides an explicit proof of the equivalence of the Belinfante's energy-momentum tensor and the metric energy-momentum tensor for general mixed tensor-spinor fields.
Introduction
It is well known that a suitable definition for the energy-momentum tensor has been under investigation for many years. We require T ab constructed should not only provide meaningful physical conserved quantities but also act as the source of Einstein's gravitational field equation.
In a flat spacetime, the canonical energy-momentum tensor arises from Noether's Theorem by employing the conserved currents associated with translational symmetries [1] . However, only for the scalar field the canonical energy-momentum tensor turns out to be symmetric, satisfying both of the requirements above. Indeed, in the case of the Maxwell field, the canonical energy-momentum tensor is not even gauge invariant [2] . Of course, for general higher spin fields, we can correct it through Belinfante's symmetrization procedure [3] , although this is usually presented as an ad hoc prescription [4] .
On the other hand, a completely different approach, based on the powerful variational principle, leads to the metric energy-momentum tensor, which naturally satisfies our requirements above [1, 5] .
It is certainly interesting to ask if the Belinfante's energy-momentum tensor is equivalent to the metric energy-momentum tensor. Despite a general belief in their equivalence, to our knowledge there exists no such an explicit proof in the literature except that [6] presents a detailed confirmation for general tensor fields. The aim of this note is to generalize this confirmation to the case of general mixed tensor-spinor fields. Accordingly, the present work acquires its practical importance: it justifies much work such as [7, 8] and references therein, where the Belinfante's energy momentum tensor for fermion fields is imposed as the source of Einstein's gravitation.
Notation and conventions adopted by Chapter 13 in [1] are followed in the rest of our work.
The three operations' applications to derivatives
Fix, once and for all, a 4-dimensional manifold M, with a spinor structure {ǫ AB ,ǭ A ′ B ′ } * . Following [6] , we would like to introduce three convenient operations: acute-operation, grave-operation, and hat-operation, each of which means a mapping, from mixed tensor-spinor fields of rank (i, j|k, l; m, n) to fields of rank (i + 1, j + 1|k + 1, l + 1; m + 1, n + 1). For example, given a tensor-spinor field of rank (1, 1|1, 1; 1, 1) ψ
GH ′ , then the three operations are defined aś
It is easy to generalize these operations to fields of other ranks; and know that acute-operation on pure spinor fields vanishes, since there is no tensor index to be replaced. Similarly, grave-operation on pure tensor fields vanishes; especially, the three operations on a scalar field all vanish. One checks these operations: i)are additive, ii)satisfy the Leibnitz rule under out products, iii)commute with tensor and spinor contraction, and iv)commute with the complex-conjugation. When there is no danger of confusion, we shall suppress the unnecessary indices. For instance, we shall denote ψ
To show the convenience of introducing these operations, we would like to present some examples, which are also useful to the rest of our work. Firstly, given a soldering form σ b BB ′ , let ∇ a be the unique covariant derivative operator associated with σ 
Especially, D(ξ)ψ vanishes for all translation Killing vector fields in a flat spacetime. By
which means the Lie-derivative operator via a Killing vector field commutes with the covariant derivative operator. Next, given another soldering formσ b BB ′ and the associated covariant derivative operator∇ a , we have [11] (
where
and
3 The equivalence of the two energy-momentum tensors Start with the lagrangian L for any mixed tensor-spinor field ψ, which is a local function of the spinor structure {ǫ AB ,ǭ A ′ B ′ }, the soldering form σ a AA ′ , the tensor-spinor field ψ and its first derivative, i.e.,
For a flat spacetime (M, η ab ), let ξ a be a Killing vector field, then we have
where we have used [10] 
Employing £ ξ ∇ a ψ = ∇ a £ ξ ψ, and the equation of motion for ψ, i.e.,
we obtain
Noting that D(ξ)ψ vanishes for all translation Killing vector fields, Eq.(15) implies the canonical energy-momentum tensor
is conserved, i.e., ∇ a T ab C = 0. Next, let {x µ } be the Lorentzian coordinate system, and ξ µν be rotation or boost Killing vector fields, i.e.,
then Eq.(15) can be written as
Using ∇ a T ab C = 0, Eq.(17) and Eq.(18) imply
Define the tensors
which is antisymmetric for the last two indices; and
which satisfies
. Then the conserved and symmetric Belinfante's energy-momentum tensor can be constructed as
For convenience, we shall write N abc explicitly as
where Eq. (5) depends on the spinor structure, the soldering form, the tensor-spinor field and its first derivative instead, thus T ab B constructed in the flat spacetime can naturally extend to general curved spacetime: only replace everywhere the soldering form and the covariant derivative operator associated with η ab by those associated with g ab .
On the other hand, performing the variation of the action
